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We i n v e s t i g a t e  the  f r ee  convec t i on  in a p lane  i m m e r s e d  j e t  by the me thod  of s e l f - s i m i l a r  
and n o n s e l f - s i m i l a r  so lu t i ons .  The d e r i v e d  s o l u t i o n s  a r e  v a l i d  both for  a h e a t e d  and a 
c o o l e d  je t .  

Le t  us e x a m i n e  the  flow of a p l ane  l a m i n a r  j e t  d i r e c t e d  v e r t i c a l l y  upward  f r o m  a long  n a r r o w  s l i t  in -  
to a s p a c e  con t a in ing  the s a m e  nonmov ing  gas.  We wi l l  a s s u m e  tha t  the  j e t  i m p i n g e s  wi th  s o m e  m o m e n t u m  
J0 [1]. The f r ee  c o n v e c t i o n  p r o d u c e d  by the t e m p e r a t u r e  d i f f e r e n c e  in the  j e t  l e a d s  to a d d i t i o n a l  mot ion .  
Given  a s m a l l  t e m p e r a t u r e  d i f f e r e n c e  be tween  the j e t  and the a m b i e n t  m e d i u m ,  fo r  t h i s  p r o b l e m  we can  use 
the  b o u n d a r y - l a y e r  e q u a t i o n s ,  i n t r o d u c i n g  the a dd i t i ona l  f o r c e  a s s o c i a t e d  with the  e x i s t i n g  t e m p e r a t u r e  d i f -  
f e r e n c e  into the  equa t ion  of mot ion .  

A c c o r d i n g  to [2], the  b a s i c  equa t i ons  wi l l  have  the  fo l lowing  f o r m  

Ou Ou 02u 
u-5;- + v ~ -  = ~ - $ j  + g~T~O, 

Ou Ov 
0x + ~ = 0 ,  

ao ao  a~o 
u - 5 ~  + v Y f  = a Of 

The b o u n d a r y  cond i t i ons  a r e  the  usua l  ones  [1] 

au 0o a~=O, ~-=0 for y=O, 

(1) 

(2) 

(3) 

(4) 

u = 0 ,  O = 0  as g - ~ .  

Us ing  the b o u n d a r y  e q u a t i o n s ,  we i n t r o d u c e  the s t r e a m  funct ion,  so  tha t  (1) and (3) a r e  w r i t t e n  in the 
fo l lowing  f o r m :  

OT 0 ~  OT 02~ 03T 
Og OxOg Ox Og ~ v T ~ -  + g~T~O, (5) 

0W 00 [0W 0 0  ~O 
- a ( 6 )  

Og Ox Ox Oy Og 2 

1. In s e e k i n g  the s e l f - s i m i l a r  so lu t ion ,  we wi l l  p r e s e n t  the  s t r e a m  funct ion and the d i m e n s i o n l e s s  e x -  
c e s s  t e m p e r a t u r e  in the f o r m  

�9 =~(x)f(n), O=p(x)~(~), ~=~(x)y. (7) 

Hav ing  s u b s t i t u t e d  (7) into s y s t e m  (5) and (6), we ob ta in  

~o% (cox)' f"  - -  o~}:"~% ' = ~%co3fl '' + g~T~p% (8) 
XP'f'~ - -  X'pfcp' = aport", (9) 

w h e r e  the p r i m e s  denote  d i f f e r e n t i a t i o n  with r e s p e c t  to the  a r g u m e n t  of the given funct ion.  

Le t  us f i r s t  a t t e m p t  to d e t e r m i n e  the g e n e r a l i z e d  s e l f - s i m i l a r  so lu t i on  [3]. It can  be d e m o n s t r a t e d  
tha t  such  a s o l u t i o n  e x i s t s  on ly  for  P r  = 2. H e r e  we shou ld  b e a r  in mind  tha t  the r e s u l t i n g  so lu t i on  fo r  a 
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Graph showing z as  a function of 
G r / R e  2. 

where  

3 
x - - l ~ 3  = z l / 4  , 

2ar/-~ 

vanish ing ly  sma l l  t e m p e r a t u r e  d i f fe rence  m u s t  become  
the solut ion fo r  a je t  without  f r ee  convec t ion  [1]. It is 
t h e r e f o r e  na tu ra l  to a s s u m e  that  

f = th ~1, (p = sech~1]. 

Then,  to d e t e r m i n e  w, X, and p, we obtain the fol-  
lowing s y s t e m  of o r d i n a r y  d i f fe ren t ia l  equat ions :  

)~p' = - -  4apo~, 7~P' + 4Z'p = 20 apo), 
(10) 

o)~ (o)Z)' - -  g~T~p = - -  2vZo) 3. 

Af t e r  s imp le  t r a n s f o r m a t i o n ,  we obtain for  the 
so lu t ion  of s y s t e m  (10) 

( 3 Gr ) 1/3 
1 + -~-~e ~ z 

~ 0 . ) X 2 / 3  ~ 
(1, Z 1/2 ' 

x l / 3  _~. z - - l 14  

3 Gr ) It3 
1 + 4 l~e~ z 

o)% xz I8 __ p 
2 ~ zl14 ]5 Ht 

T ~ 32~ T~a~/~- 

(11) 

t 3 ) tRe'l . '  
0 

4 / G r ~ - '  ~ 9 lo 1 I/2 
z = z ' - - 3 - - [ R e i )  ' a =  t 16 o l f ~  ' " 

The n u m e r i c a l  r e s u l t s  a r e  shown in Figs .  1 and 2. In ana lyz ing  (11) we m u s t  c o n s i d e r  two c a s e s .  In the 
f i r s t ,  the t e m p e r a t u r e  of the m e d i u m  is h igher  than the t e m p e r a t u r e  of the je t  ( G r / R e  2 < 0). The je ts  a re  
d e c e l e r a t e d  under  the a c t i o n o f f r e e c o n v e c t i o n ,  and the re  ex i s t s  a sec t ion  in which the je t  is comple t e ly  s t ag -  
nated ( G r / R e  ~ = - 2 . 0 9 ) .  In the second  case ,  the je t  t e m p e r a t u r e  is h igher  than that  of the ambien t  medium.  
As a consequence ,  of convect ion ,  the pene t r a t i ng  power  of the jet  is i n c r e a s e d .  

With a l a rge  value for  G r / R e  2, in the in teg ra l  fol lowing (11) we can neg lec t  unity as  sma l l  in c o m p a r i -  
son with z~, and we can r e p r e s e n t  the e x p r e s s i o n  for  z 1 in the expl ic i t  f o r m  

12 3 9 

(lZ) 

An exponent ia l  r e l a t ionsh ip  is found between the bas ic  quant i t ies  and x in (11) in this case .  Thus we 
see  f r o m  this spec ia l  example  that  the solut ions  de r ived  in [2] a re  appl icable  only at a g rea t  d is tance  f r o m  
the sou rce .  However ,  r e f e r e n c e  [2] conta ins  an i n a c c u r a c y  in the d e t e r m i n a t i o n  of the cons tan t s .  It can be 
d e m o n s t r a t e d  (in the notat ion of [2]) tha t  in this  p r o b l e m  the re  is only one cons tan t  a which has to be de-  
t e r m i n e d  f r o m  the c o n s t a n c y  of H t in the jet ,  i .e . ,  

a 5 --_. 2 H t ' g ~ . .  (13) 
Qo 

~5 S f'Pdrl 
0 

The r e su l t i ng  bas i c  r e l a t i onsh ips  (Pr  = 2) de r ived  f r o m  [2] in the de t e rmina t ion  of a f r o m  (13) co in-  
c ide with (11) in the d e t e r m i n a t i o n  of z 1 f r o m  (12) and with the use of the condi t ion z 1 >> 1. 

2. T h e r e  is c ons i de r a b l e  i n t e r e s t  in an examina t ion  of f ree  convec t ion  fo r  o the r  values  of the P r  num-  
be r ;  this  is t rue  p a r t i c u l a r l y  for  a i r  (Pr  = 0.72). H e r e  it is na tu ra l  to tu rn  to the n o n s e l f - s i m i l a r  methods  
of solut ion.  

Since the re  is gene ra l ly  some  i n t e r e s t  in the l imi ted  ef fec t  exe r t ed  by f ree  convec t ion  on the d i s c h a r g -  
ing jet ,  we can p r o p o s e  a method  of solut ion that  is c lose  to the s e l f - s i m i l a r  [4]. Let  us p r e sen t  the s t r e a m  
function ~(x, y) and the e x c e s s  t e m p e r a t u r e  d i f fe rence  | y) in the f o r m  of the s e r i e s  
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Fig. 2. Graph showing ~max as a function of Gr/Re2:  

1) P r  = 0.72; 2) 1.0; 3) 2; 4) 5; a) exact  solution for P r  
== 2 .  
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Fig. 3. Graph showing u/Urea x 
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as a function of ~: 1) Pr = 0.72; 

2) 1.0; 3) 2; 4) 5; a) exact  solution for P r  = 2. 

Fig. 4. Graph showing |174  as a function of }: 1) l~r = 0.72; 
2) 1.0; 3) 2; 4) 5; a) exact  solution for  Pr  = 2. 

TABLE 1. Values of the Basic Je t  Charac te r i s t i c s  

Pr  0,72 1,0 

I 
n 0 [ 1 2 0 1 2 

Fn,(~) 1,0000 0,2522 0,4312 1,0000 0,1250 --0,0768 
Fn(O ) 1,0000 0,2678 --0,0506 1,0000 0,2500 --0,0417 
ca (0) 1,0000 --0,0758 0,0263 1,0000 --0,0538 0,0105 

Pr 2 ,0  5,0 

F n (0) 
r (0) 

o I i 

1,0000 0,0357 
1,0000 0,2143 
1,0000 --0,0357 

2 0 

0,0006 l 1,0000 
--0,0307 " 1,0000 

0,0498 1,0000 

0,1000 
0,1687 

--0,0259 

--0,0001 
--0,0203 

0,0029 

(x, y) = 2a V ~' x'n ~ g-j ,, (~), 
n=o (14) 

Ht 1 B_x( 1 ) ~ { G r ~  a 
0 (x, y) = T|  ] / #  2 - ~ ,  1+ Pr, n=0 ~Re~ } ~ (~)" 

Substituting these s e r i e s  into (5) and (6), and equating the coefficients  for  identical powers of G r / R e  2, 
we find a sys tem of ord inary  different ial  equations for the de terminat ion  of Fn(~) and Tn(~) 
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1 s t ,  
[(-- i + 4k) y~_ ,  y ;  - (1 + 4k) F,P~'-k I = - F -  F~ - ~._,, 

k=0 (15) 

~ [ ( - -  1 + 4k) F~-k~A - -  (i + 4 k) F~x'n-kl = 
1 t t 

k ~ 0  

For  F 0(~) and ~-0{~) we find solutions f rom the corresponding s e l f - s imi l a r  problem [1] without free 
convection: 

Fo (~) = th ~, ~o (~) = s ech2p~ ~- 

According to the general  method outlined in [5] for problems of free jet discharge,  the sys tem of 
equations (15) can be reduced to a sys tem of success ive ly  solved Legendre equations. The solution is then 
found in quadratures  as the par t icular  integral  of the corresponding nonuniform equation, in par t icular  for 
P r = l :  

1 
F~ = T (Fo + ~Fo), 

, ,  = - s  - 1 - ~ -  , , ' ~ Y - : ~  ch ~ ,  . , ( 1 6 )  

where 

t~=--- -~  - + i  2 ' " ~ = ~  

The numerica l  solution of Eqs. (15) was undertaken for var ious values of Pr ,  and we obtained the 
f i rs t  two approximations.  Figures  3 and 4 show the graphs for u/Urea x and |174 In Fig. 2 we com- 
pare the derived exact  solution with the approximate solutions. Table 1 gives the numerical  values of the 
basic charac te r i s t i c s  of the jet. 

Because of the impossibi l i ty of calculating a large number of t e rms  in se r ies  (14), there is some 
in teres t  in applying the nonlinear Shanks [6] t r ans fo rm to the f i rs t  three t e rms  of the exponential ser ies  
(14). The calculations for  5max were accomplished with such a t ransformat ion,  and it yielded bet ter  ag ree -  

ment for Pr  = 2 with the exact  solution than ar i thmetic  summation (Fig. 2). 

N O T A T I O N  

x and y are  Car tes ian coordinates;  
= c~yx-2/3/34-v is a dimensionless  s e l f - s imi l a r  coordinate;  

u and v are  velocity components in the direct ions of the x- and y-axes ;  
is the coefficient of kinematic viscosi ty;  

g is the accelera t ion of the force of gravity; 
fi is the coefficient of thermal  expansion; 
a is the coefficient  of thermal  diffusivity; 
T~ is the tempera ture  of the external  medium; 
T - T o o / T ~  = | is the dimensionless  excess  tempera ture ;  

H T = 2 .~ u(T - T J d y  is the excess  heat content; 
0 

Pr  = v / a  is the Prandtl  number;  
Gr =(gf153/v2)AT is the Grashof number;  
Re = u~5/v is the Reynolds number;  
ul = 2 c~2x-#3/3 is the charac te r i s t i c  velocity in s imi lar i ty  c r i te r ia ;  
(5 = 3xfvx2/3/oG is the charac te r i s t i c  dimension m s imi lar i ty  cr i te r ia ;  

AT = (Ht/2v)B -1 
(1/2,  I + Pr) is the charac te r i s t i c  t empera ture  difference in s imi la r i ty  cr i te r ia ;  
B(a, b) is the beta function. 
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